
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



A SUFFICIENT CONDITION FOR THE MAXIMUM NUMBER OF 
IMAGINARY ROOTS OF AN EQUATION OF THE iV-TH DEGREE 

By E. B. Van Vleok 

So far as I have been able to ascertain, the following theorem is new : 
If' Ci is real and the terms of the sequence 
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are positive, all of the roots of the equation 

Cq + CjX 4- Cj-r* + • • • • + <^in^^" = 

are imaginary, and all but one of the roots of the equation 



Co + CiX 4- C-iT? + 



+ C2„ + iC«-» + l = 0. 
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An extremely simple proof of this result can be obtained with the aid of 
a theorem of Sylvesterf concerning the minors of A„ which I will state in the 
folio Aving restricted form : Avhen A„ and the minors appearing in (1) are all 
positive, any minor formed synmietrically from A„ by erasing corresponding 
rows and columns will also be positive. In particular. 
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* This is somewhat like the well known theorem given by Borchardt in LiouvilW a Journal, 
vol. 12 (1846), p. 68. The latter uses a similar sequence of determinants constructed with s^ (the 
sum of the t-th powers of the root.s) in place of c. and continuing for nearly twice as many terms 
until the discriminant is reached. The number of pairs of imaginary roots is equal to the num- 
ber of changes of sign in the sequence. Thus 2n roots will be Imaginary if, and only if, there are 
n changes of sign. This test for the maximum number of imaginary roots has the advantage 
of being a necessary one, but, on the other hand, it is much less convenient in its application 
since it not only involves a greater number of terms but also necessitates the preliminary com- 
putation of the Si. 

^Philosophical Transactions, vol. 143 (1853), p. 482, foot-note. See also Philosophical 
Magazine, Ser. 4, vol. 4 (1852), p. 140-141. 
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Now we have identicall}' 

Co + CjX + CjX* + • • • + C2„.'t;2" = Co(l + ~-x\ + ^"'^^ ~ ^^ x 
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Since the right hand member consists of the sums of squares multiplied into 

positive coefBcients, the roots of (2) must be imaginary. 

To prove the second part of the theorem, put x = I/2 and writ« equation 
(3) in the form 

C^2n + 1 + CiZ^n + . . . + c.,„Z + C2„ + i = 0. (5) 

The derivative of the left hand member can be expressed as 
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But again, by (4), this is the sum of positive terms. Since the derivative of 
the left hand member of (5) is positive, it must be an increasing function of z 
and so vanishes but once when z traverses the real axis. 

Wksleyan University, May, 1903. 



